Abstract. The paper is devoted to study of the inverse problem of the boundary spectral assignment of the Sturm-Liouville with a delay.
Introduction
Inverse problems in the spectral theory of operators, especially differential operators, have been studied since the 1930s until now. The monographs [2, 5] deal with this topic. A separate chapter of this study deals with the inverse tasks for the boundary problems of the generated equations with a delay. Papers [1, 3, 14, 15] are latest results in this field. Papers [4, 6, 7, 8, 9, 10, 11, 12, 13] are devoted to this issue. Results in these papers are obtained by solving the integral equation of Fredholm type. In order to make the solution unique, strict conditions for the given parameters are imposed. In this paper, a different approach is used and by means of the Fourier analysis method, a new solution to the inverse task has been found, which improves previous solutions.
Defining the task
We look at the boundary value problem −y ′′ (x) + q(x)y(α · x) = λy(x), q ∈ AC[0, π], α ∈ (0, 1)
with separated boundary conditions:
When α = 1, the boundary value problem (1-2) is classical and as such it was studied in the mid-twentieth century.
The coefficient α and the function q are called the parameters of the boundary task (1-2). The question is: Which spectral characteristics of task (1-2) uniquely define the parameters α and q? This paper gives an answer to that question.
Solution to the direct spectral task
Equation (1) with the boundary condition y(0) = 0 is equivalent to the integral equation:
Let us introduce labels ∫
. . .
Using the method of successive approximations to the equation (3) we obtain the solution in the form of
Proof. Since lim z→0 y(x, z) = 0, ∀x ∈ [0, π], point z = 0 is the apparent singularity. Members
. . , of the series (4) are entire functions in C.
Let us prove that the series (4) has uniform convergence on C, for each fixed
is an arbitrary permutation of the set {1, 2, · · ·, n}. From the theory of integral it is true that
It is easy to check the inequality
Therefore, in each ring δ ≤ |z| ≤ ∆, 0 < δ < ∆ < ∞ it is true that
So, series (4) converges uniformly on each ring, and hence on C. For x = π from (4) we get the characteristic function
Function F is an entire function of the complex variable z according to Lemma 3.1.
where
Proof. We use the elementary relation
We perform a partial integration and we get
We will use the label
If we write (5) in the form of
it is easy to check that
Using (8), (10) and (11) we obtain
The function F is odd, and from F(z n ) = 0 it follows that F(−z n ) = 0. Suppose the zeros z n of function F have an asymptotic shape
If we include sin πz n = (−1)
This completes the proof.
Eigenvalues λ n (α) of the task (1-2) are squares of zeros function F(z, α). It is therefore
Let us introduce the function q in the segment [−π, π] as follows:
Since q ′ ∈ L 2 [0, π] is, this equation (15) should be understood almost everywhere, i.e. at all points where the derivative function q exists. Then there is a
and (14) becomes
We ask: Does the given sequence of eigenvalues λ n , n = 0, 1, 2, . . . uniquely determine the parameter of delay α. Proof. Let us consider sequences ∆ 2 λ n and ∆ 1 λ n defined with
and
Based on (16) it applies that
Let us choose the subsequence n k of the sequence n, n ∈ N where ∆ 1 λ n k 0. Then the sequence
is well defined. It also applies that
Since the d ∈ (−1, 1) it follows that
This proves the determination of coefficient α. Next, let us take the subsequence 2k l − 1, (l ∈ N) of the sequence of odd integers such that sin(2k l − 1)απ 0 (∀l ∈ N). Then from (16) it easily follows that
Thus, the asymptotic sequence λ n uniquely determines the numbers α and q(π).
Let us analyze the direct task (1-2) further in order to observe the determination of potential q based on the given sequence of numbers λ n , n ∈ N 0 which has the asymptotic shape of type (16).
The entire function (5) can be represented by its zeros ±z n , n ∈ N 0 in the form of an infinite product.
where A is indefinite parameter. If we put B =
, then we have
From (5) and (20) it follows that B = 1, i.e.
We will continue to use these labels
Using (21) the equation (20) becomes
By analogy with the Levitan transformation in [9] , we write
Furthermore, based on the known relations
by means of integration we get
Based on (24) and (25) we obtain
The first forced regularized trace of the operator (1-2) is obtained analogously to the calculation of the first trace (see (9) ) and it is true that
On the basis of (20), (21), (26) and (27), we come to the relation
Relation (28) has a central role in this paper. Namely, it connects the given sequence of eigenvalues λ n of the operator (1-2) with the function 
As α is already determined, we have
Thus, the left side of (28) is a known entire function in the whole complex plane. Its asymptotic behavior will have a key role on straight lines z = m + ik, k → +∞, m ∈ N 0 .
Let us introduce the following real sequences
For z = m + ik, the left side of (28) becomes
Using tags (22) the right side of (28) takes the form of
From (31) and (32) it follows that
A more detailed analysis of the coefficients structure a 
According to (15) this means that
Since
, for l = 1, the function q ′ is defined on the interval 
